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ABSTRACT 



Filter networks using resistance and capacitance ele- 
ments only arc frequently desirable in installations where the 
inherent superiority of an liOfilter is nullified by the 
factor® of coil weight and mutual interaction. It is the 
purpose of this thesis to present a practical procedure 
for the synthesis of satisfactory RC- filters* 

The magnitude of any ideal tr&nufor admittance or 
impedance Is first plotted as a function of the real fre- 
quency. By a change of variable, cj = tan 0/2, the infinite 
range of q Is reduced to a finite range of 0* Using a 
j 22 odifled form of Fourier Analysis, the ideal transfer func- 
tion is appro xlina ted, in an oscillatory isanner, by a finite 
trigoncoaetric polynomial. A reverse variable change trana- 
foma this trigonoinetric polynomial to a rational function 
of expressed as the quotient of two polynoraiEls of equal 
degree. This function, when squared, approximates the 
squared magnitude of the ideal transfer function, and Is 
converted, for synthesis purposes, to a function of A, the 
complex frequency* 

The transfer function in the variable A is separated 
into realizable factors, and each factor, or stage, is syn- 
thesised, by a modification of C?uillomin»s basic method, as 
a group of unbalan cod- ladder networks connected in parallel* 
The number of elements in each network, the mjsbor of com- 
ponent networks in each stage, end the number of stages depend 



on th* degree of the original approxir»0ting trigonoiaetrlc 
polynoaial* Amplifier and cathode- follower sections aro used 
to ellninato the constant attenuation coiafion to RC-networks 
and to isolate individual stages. The product of the transfer 
functions of these stages then gives the prescribed overall 
transfer admittance or impedance* 

Lira! tat Iona on this synthesis method, end a procedure 
for obtaining practical elemcat valuea are discussed* Then, 
as an Illustrative example of the entire procedure, a almple, 
low-pass RC-filter is designed, built, and tested to conform 
closely to the pi»cdicted frequency characteristic# Othor, 
more complicated flltorfi are calculated to indicate the 
various design cons Ide rat ions and the variations that can bo 
obtained in attenuation and In width and flatnosa of the 
pass-band* 



CHAPTER I 



I1ITR0DUCTI02? 



Low cost, cosipactneae, aM lEsminity egainst st3?ay 
pick-up ere practical advantagcG that hove led to the in- 
creasing iinportaacc of RC- net works for filtering and 
eowpllag, despite the acknowledged general superiority of 
perfomance cf LC-clrcuits* Moreover, in the frequency range 
below 100 cycles/sec« the sise, weight, and low Q of in- 
ductances make 5.t almost isandatory to resor-t to RC-components 

problem with RC- networks is to obtain sharp 

1 2 

frequency discrimination*, TMcssen, Fritzengcr, and 

3 

Toshniwal resort, as have nearly all investigators in this 

field, to feed-back to obtain sharp cut-off features* This 

lias the disadvantage that changing tube characteristics may 

4 

change the performance of tho network* Linvill obtains n 
more stablo frequency characteristic by using tubes as equi- 
valent to -Itl transf cnaers . It ie the purpose of tliie paper 
to present a complete practical mothod of synthesis of linear 
passive RC-networks with satisfactory frequency characteris- 
tics independent of tube coefficients* 

This method of design follows ttie four basic stops in 
procedure outlined by Linvill^ in his excellent, concise 

t 

history of ssmthesls theory* The first stop is ct statemsnt 
of tho limitations cn a driving- point or transfer f met ion 
imposed by tlio requirements of physical realizability* 
Secondly, a rational function is found which satiafies these 



4 



requirsdonta end approxlmtes the desired function of fre- 
quency within allowable limits, Tlio tiJ.rd step Ic the roell- 
aabion of a network having; this driving-point or transfer 
function. Finally, more practical equivalents to this network 
are developed If requirod. 

These steps are spocifloally applied in synthesizing 
low-pass RC-f liters from the transfer function. High- pass and 
band- pass filters follow dii^ectly by ccuplenentury procedui*o. 
The method is also applicable to equalizing networks or to 
any desired function of frequency* 

It may be emphasized at this point that one la desl{p>* 
lug directly for the Insertion loss. As In conventional 
filter design, this method requires considerable computational 
effort, but has the advantage of giving exact results* 

The first step nay be stated briefly. The zeros of 
the transfer^ function of any R-C network may have multiple 
order and taay lie anywhere in the complex plane; the poles 
must be simple and aro restricted to the negative real axis* 
Tlie other three stops will be the subject of the succeeding 
three eliapters* 



cimPTSH II 



t 22 S APPROXXMA^^IOH PROBLEI£ 

Th& Method, ot Approxiaiat Ion and Spscificetion 
of th» aational Transfer Fonotlon in Factored Forsa 



Guillesiia has suggested that an ideal satgnitudo of 
transfer function may be approximated by a periodic function 
of i0)t Then by means of a change of variable {u * tan 0/2), 
one aay obtain a function of ( 0 *), where im) la the real 
frequency, in the form of a quotient of two polynoalals of 
equal dog3?ee» 

In approximating the ideal transfer function, idiich 
has been specified by the purpose of the network to be real- 
ised, it Is desirable to do so with a Tsohebyscheff approxi- 
mation which assures equal minisia of attenuation in the 

attenuation band end equal laaxlma of attenuation in the pass 

5 

bend# Woiratrass proved In 1885 that a continuous function 
f(x) of period 2 tt could be represented by a finite trigone- 
metric series g(x) such that f(x) - g(x) for all values 

of (x) in the Interval* It appears, however, that wiien 
approxiiaating a diacontiraious function to the ©am tolerance 
with trigonometric polynoRlals of equal degree, tbs polynomial 
which exhibits Tscbehyscheff beliavior assures the maxlmua 
range over which the trigonometric 1 * 0 presentation remains 
within the desired tolerance# Tlie degree of tlie function g{x) 



and aolected tolaranco together are Intaractioc reetrainta 
which specify the range of ( 3 ) orer which one aay approxiaata 
to the ideal characteristic* 

The . primary object of this work ia the design of a 
low pass filter* The transfer function selected ia the ideal 
adjaittance characteristic, P^(0)* 
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FIG n-1 



This sqa&TO wave nust be approxiimted with uniform tolerance 
by the polynomial f^{0)* It ia expedient to use modified 
Fourier coefficients which represent the approximation to 
the scpxape wave* Since this approxirimtion contains only 
odd hamonics, one obtains* 

fl(0) s cos 0+cig cos 30 + - - - + coa n0 (II-l) 
where n ia always odd* By 2 soans of the relation 

cos n0 = 2 cos (n-l)0 coa 0-cos (n-2)0 (II-2) 
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CE.^ 008 n 0 yialds a torra in and th© tranafom 




It therefor© 



becoisas neooasary to modify the denozainator of f^(6s«) in 
order that there be no aailtlple poles, because of th© con- 
straint placed on the poles by th© requirements of physical 
realizability of R-C network transfer functions, nansly, 
the poles Most all be eiapl© end lie on ttie negativo real 
axis of the co»plex frequency (A) piano, (Later a method 
of accepting mltiplo poles will foo explained)* This modi- 
fication can be acc<aapllshod by th© separation of th© poles 
of such that th© product of pairs of poles equals 

unity as aiiown below^ 
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FIG n -2 



Accordingly is modified to whore 







(II-3) 



This chsnge hao ttie efroct of laultlplying f*(t»)*) hjr 






3a«“l 



) 



which has th« valus unity at « = 0 and 



w 5t CO and is smallest at cd = 1* It is then necessazy to 
procorrect In order to avoid the effect of fa(M*). 

To mako the correction one transfonas fg(»*) into fe(0)* 

It can be shown by algebraic laanipulatlon and the transform 






(m® +P®)((^ +-3-) 



“T— • — ^ ■’"■"- - ' ga r " ■- idiepe =s (p® 

1 ** ^ (3.- cos 20 ) 2 ® 



Therefore: 



fg(^) * 1 + (1* cos 20 ) 



« • • 



ar 



1 + — C08 20) I 



The approxiiaation f^(0) » F^(0) is now modified to 



fOS) “ I4f} = 



whore f (0) — >“f (w® )• 

The ninaber hamonics used to appro^xiasate 

F^(0) fixes the number (n) of poles of f(»*) and the mmber 
(n-1) of poles of faCo®). The values p* ai*e selected so that 
the networks resulting from the synthesis procedure have 
desirable element values* With these values of pj, f«(0) 



2 ) 



(II-4) 



(II-5) 
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is formed. To obtain the product F^(0) x f^(0) 1» 

plotted as Indicated* 




FIG rr-3 

In order that the ©xtreiaa of r^(0)/f2(0), in the range 
0< 0 \T1, shall deviate frojs P^(0) by , it is necossa 2 ?y 
that ^^(0) approxiaate F^{0) x fs{0) In the saiao range in 
such a manner that points of inflection have the values 
^s(0) [ 1/2 e Two curves, A and B (Fig* II-8), are plotted 

r - 

having the values fs (0)1 1/2 respectively, and by a cut and 
try process Tj(0) ia obtained such that it approxiiaates 
F^(0) X fg(0) within the limits of these two curves* Q^iis 
gives 

i*3^(0) ®* a^ cos 0 -I* Sg cos 50 •♦* «** *** ®^n ^ 

The choise of the sei>eration of the poles of f^Cas®) such 
tl»t the product of pairs of poles le unity is now apparent* 



It ocin be 8ho?m tlmt oialy if this is true is fa(0) peometrlcally 
•Yen about 0 »tl/2 and only under this condition will ^i(0) 
be odd about 0 =T1/2, e ne cos eery condition to pemit cor- 
responding Tachobyscheff behavior in both the attenuation 
and pas 8 bands* 

A constant a^^l/S is added to f(0) to obtain the 
following desired rcsiltJ 







Two procedures can now be followed in obtaining the 
rational transfer function in factored form* 



Procedixre I 

Fora f(0) 



fl(0) 

7 ^ 



Form P(ji) = 1/2 +f(0) 



1/2 

^2(0) 



11 



By mans of relation II-2 obtain 
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P(0) - ^ 0 -t-*#. + A^ cos'^ 0 



4 ( 0 ) 



How factor ff'(0) Into its roots 



coe 3 C2^; cos 0g « Cg| cos 0^^ « c^ 



1- cos 






Ey ffleana of tho relation u® = g obtain ,^; ... «* 



Kow* 






( 1 +<»“)» 



f„( 0 ) 



u = n-2 

“Ti 

u«l L 



i£liiuH£_LSLl 

(1 + C3® )® 



Thens 



4 ( 0 ) 



(«^ ■ ^)(«* « eg) «*«» 



<05® +p® Hci® +i) (oj®+l) *.* (o)®+p« o )(«>** +1^) 

Pi P»-2 



Procedure II 



Pom f(0) 3 



fi( 0 ) 



r«( 0 ) 



cos 0+B^ cos^0+.*, + Bjj co»^ ff(0) 

OFl " OTT 



By *ean« of the roletlon cos’^0 



i , 



(1 + «* )“ 



r?(0) 

rrrjn 



f(o®) 



D2„0J»“ + D 



2 t !-2 



^2n-2 ^ 



• « # 



+ D 



0 



(«® + p*)(w*^ 



+D**e(o)® — )(w® 




) 



/ 

Tlien fom and factor Into its roots P(«*) » 1/2 +f(w®)* 

An exejalnation of both procodureo revsals that less 
computational labor is involved if Procedure I is followed. 

In either c&qq, great accuracy is required. This is particularly 
true in Procedure I because of the tranefom & = tan 0/2. 




FIG n ‘5 



It can be seen that a small error in deterrainins the value 
of 0^ nay give a largo error in the value of 

A modification of Procedure I is possible so that caae 
always factors a polynomial in rather than in cos 0. In the 
polynomial f^(0) make the substitution coa^^ == » 

^2 (1 + <o 

Aw as and factor P(&s®). 

A (1 +03^ 



ejcpress 



Having o'btainod the national transfer function P((a®) 
in factored fona, it is now squared and on© raakos th© identi- 
fication 







Since T 



12 



is always positive, on© 



sees the necessity for squaring ?(«**) 



How ^ ^ aiU) fnia) 

qU) Qo KgU) +ngU) 



where and are the even parte of p and q, and and ng 
are the odd parts, Then p(-A) = la, - n, ar*d q(-A) « jao-no. 
Therefore, for pura Iranginaiy values of (A), one l»s 



T^,(X)|* = , =!*((*=) 

•i=j« ^^'X=Jt3 



rn» problsn of finding pg ... p^, and ... from 
F® (a* ) my be done easily in the manner of Gewerfc*® as follow*. 



I 



Sut)stltuto ->.* = «• In F®(«*). Sine© P®({i>®) la already in 
factored form, this gives the X*-roots of and 

(a*-nJ)j the A-roots are tboreforo obtained by inapection, 
1*0 form allot the loft-half-plane A- roots of 

and(K§-n|) to p(A) and <l(A), rospectlvoly. 

As an illustration of this swthod, an example con- 
sisting of tho thi»eo possible types of A®-i*oots follows? 

aivenj * fer + Cts® + D)® (©* +B® )® (a® - A® )® 

I II III 



(A^- CA® +D)(A^- CA® +D) * 0 
A® » r®e~^® 

A * 1 ro-^^/^ 



-re 



■49/2 A +re+J9/2 



♦ : t 












-ro-"j«/2 



+ro 



- J «/2 



7S§8- 



Hence 



II 



III 









+C(^ +D)®->[(;1 +re^®/^)(A +re"^®'^^)] 





3 



A® +B® )(-A® +B») = 0 

A = Jl” b; + b 



A 






t 



-B 



-^ 0 - 



Hence (w®+B®)® — ^ (A +B)® 
(-A® - A® ) ( - A® - A® ) =0 



X® = -A®; - A® 



A 




jA. 



il 



^ jco 

+jA. .+jA 



-A® 



f 




»(T 



-jA, ,-jA 



Hence (w^-A®)^ — (A + jA)(A-jA) ^A’^+A’*, and it 
la seen that III is a liraiting case of I where coincides 

with r^e*"^^* This also shows that negative real A^-roots 
must be of even multiplicity, which corresponds to positive 
real w^-roots being of even mltiplicity* From the above one 
can now write: +n^_ = (to® +EA +P)®(A +B )® (A® +A® ) 

where B = /c + 2 

V V 

F = ^ 

An alternative nebhod naturally presents itself. 

If a constant (€) is added to P (to® ), F*(to®) is obtained as 
shown below. 
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FIG n-7 



The Identification 

= F* (tt® ) 






A 



=jeo 



can then be made, since F*(q^) is always positive. One then 
proceeds to find Y (A) as before. xt riiust bo realized that 

JL^ 



YT2(A)j ~ |p(«®)| while in the 

• . ■A=jw ^ 

Yi2U)j = >'(»«). 

A— J (0 



in the first case 
alternative case 
Exairiple ; 

The ideal transfer admittance is to be approximated 
with a trif^fonometric polynomial of third degree and to a 
tolerance of 0,07. 

Select = 5/8, then; 

, a j t-Pi )(a‘’ -H/ph (a^ +0.5906 )(m° +2,560) 

' (o®vl)= “ 






1.11C03 - 0,11883 cos 20 








_ ^ 


t 

jc r (0) • 

«S 


ex f^(0) 


f^(0)>; 
[1/2 +e] 


u 

[ 1/2 -4 


oP ' 1.60000 

\ 




■ 0.500 


0.070 


0.670 
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0.430 


20f 1.Q2781 

[; 4 . - ^ 
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: 0.514 
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0.072 
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! ..0.586 


0.442 


40? -1.09815- 

1 { i ' 
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70? 1.20985 
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♦ ^ 
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,P (0);-5Cjrjj'(0) aud th^ curve a A and 13 arc plotted in 
Fift. It-a.^3;-Byttriaa ,i\ (0)j« 0*66;57 cos 0.- 0.2357 cos 50 ia 

K-' ■"’’’ ^ "''f •] ■ ; • 1 r *. •• i’ • a ’ ' ■ 

obtained--^ich applroxlciatee F‘‘’(0) X ^^^( 0 ) as slxown In this 



some' i’i^re 



F(0) 



-l-r 



*-r' 



Vt) 



't -j-r.:;. i 4 

I I F ' 4 1 -^J . ^ 

pip [i- ilI885-a3^_B3jcpB 20] +0. cfev cos 0-0.2337 cos 30 

) o't i ,• *,,, • t 



' f^( 0 ) V 



F<^> 



ip.llSSS- 0.11S83 (2cos»0- 1)] ifO.6557 oceM(l«2357(4 oos®^3 'cosi/) 



...Jv- -O.9348coa^0io.ll8e3'coQ®0+l-.3648co50 + 0.61883 ^ 



[■■ > 



■■ ' '=-.■ F 'i 

iThe roots' of in(0) are; 

--1* - y*’ ^ 



4 



F 

* .-- 1 - ^ F 

r ‘ " r^ ■ 



t: 



cos = -0.93163J4, ooa* 0.^ = -O.o318| cos 0^ = 1.33624 



c 



•■A,* 



- 28 . 21)({q^- 5.272)(c o ^ 40 *3-4 392) 
' ~ 4 (a* +1,0.3905 >(q®+ l)(oj“ +2.5S)- 

!'• I"' T ■ . ■ ‘ ■ 

^ . (A® + 28.21 ) (a® + 3.272 ) (a + 0. 379 )® 

\2<^> = 



(X +0.625)®u + 1)''(X +1.6)® 
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CHAPTER III 



?> 



THE NETtYORK RE.ALI2ATI0H 

The preceding chapter baa given the rational transfer 
admittance function^ expressed as o quotient of tv/o 

finite polynomials of equal degree* As the third step in the 
general synthesis procedure, it now becomes necessary to 
synthesise a network or combination of networks which will 
realize this function* Two steps are necessary: 

(A) To divide the function into realizable 

factors. 

(B) To develop a procedure for synthesizing RC-networks 

to reallzs the individual factors. 



A. The Division of £l 2: (A ) into Factors * 

From Chapter II we may write the general form of 



12 



as: 



# t » 






“12 



(1) Yi’hen is an even integer: (n is degree of 

trigonomotric approxlKiating polynomial) 

(to*" +A^)(«"* Bn+x){©’^ + C.w® +Dn ) 

)(cj^ +!)•*. 

I ^ Pi 3 

^^n-3 “* ■’’^n-3 ^ 

~ir ~s~ 



H?rr' 



^ h-2 



(III-l 



iB an odd into 



1 



'12 



(2) When ic an odd Interior: 

(co® - (o* - +Cx( 0® +Di).*,((0^+Cj^3^oe+ 

rsz 

(&5" +(3? )(w^ +^)«* • (w® +!)••. (co^ + p^p)(«® + — ) 

Pi Pn-2 



2 



(III«2) 



Now, according to the xiothod outlined in Chapter II, 
one obtains 5 

(IM 



Y^gU) - 



(A +A)^(A® +B. ),*.(A'^ "^^n+l^^^^ 
(A +^3^)^ (A f^-)"'..,(A f 2 



\2 

•^ / % ♦ * 



...U= +En,3A +P-.3)' 

~r' ~T~ 

• • • (a + Pj^*2 ) ^ ^ 

^n-2 



(III-3) 



Where 

= / 1+2 /D^ 



(2<) 



= 



(A'* + B^)...(A®+Bn+i)(X®+Ej^X •:-Fi)®... (A* +Ejj.3^A +Pn_x) 



■2 



31. 



(X + •^i)”...(A +1)*...(X + Pj^2)®(^ 



(III-4) 



From these general fomulae fcr'Yi 2 ( 2 *) it ia obvious 
that cne mist divide into a product of at least two 



transfer functions, since for physical roaliaahility of an 
RC-networli, tho poles of the transfer admittance function mst 
be simple « 

For case (1*), a syrEietrical division glvesJ 



( ) ( So ) . 

YigU) « Y^2 U) X ^ (A) 



(S,) 



■12 



(A) = 



(Si) 

-(Al 



(A+Pi)(A+^),.,(A + l).,.(A +0jj.2^^A ) 



(III-5) 



(So) 
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(A) = 



(So) 

_^T2 (A) 



(A +Pi)(A +^)... (A -}-l)...(A 



For case (2*), a syincietrical division is not possible. 
However, one can havet 



Ylg(X) = Y 



(S,) 



(So) 



(Sk) 



IS 



(A) X y^2 (A) X ... X Y,„ (A) (III-6) 



X?. 



i\) 



An before. It is necessary that Y ^^2 (A) have only 

simple polos* i-Yirthcrniore, as a resu3-t both of the approximation 

procedure used and of the synthesis procedure to be developed 

in the next section, the numerator and denon5.nator polynomials 

(^u> 

of Y ^2 (A) should be of the same degree. 

Tho statement made in Chapter II that multiple poles 

could be accepted In the overall transfer function nov; becomes 

(S^) 

apparent, Y ^2 (A) must have only simple poles| Yi 2 (A), 



however, may have polos of any even multiplicity up to k. 






(Su) 

The croup of networks obtained which realize (^) 

la now termed a star^iie of the filter. By a cascade of stages 
separated by an amplifier (necessary because of the constant 
attenuation in. the stage) and a cathode-follower to present 
an impedance less source to the succeeding stage, the ovorall 
function, Y^g(A), is realized. 



B* The Basic Synthesis Procedure 



The basic procedure for synthesizing RC-networks from 

(Su) 

a transfer admittance function, (A), expressed as a 

rational quotient of finite polynoinials of tlic same degree, 
hs.ving no multiple poles, i.n contained in (Juilleiiiin*3 paper, 
•^Procedure for Synthesizing RC-l?etworks. Excorts, in a 
suiiiraarized fora, from this paper follow. 



,m 



oivont 



Forn the pol5>'norriinls 

q^(A) = A(A + ta^).. . (a +G j^); (a^> 0) 



in which 

?1< “1< Ps < “2 < • • • < ?n< V 



Choose a nonzero value for A such that 

“b ^ ^S*** Pa • 



A a], Og 



A • • 




Next fom o_(k) = q(A)-QT(A), Then write 






P 



and maiie the identifications 



_ p Ha 

^12 “ hi * ^22 q-x * 



vrit©: 







FiGm-i 



] ^ ^ . . . ■^ diA + 

?22 V” +V3^I®‘^ + ...+hii+hp ~ ^2 



, ^ , Si _ , . J. 

I*! + ^ >. ' T * <iz n 

+hj,>-lA^ + n^A + h^ 



P-y repeat inr this proceac,. hho following continued fraction 
expsnslon is obtainedt 

^22 ^ ^1-^ '*■ 1 ^ 

ro + 1 



c^A + 



•^ri ^ ^ 



•Ll+1 



*Q| *Q] 




To thla fom for ygg tbero corr®«po 2 id 8 a ladder network- as 
shown below? 



./ *“171^1 
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2hlB network has the short-circuit driviri'^- point admittance 

^22 the short circuit transfer admittance ^ ^ ^^1 

in which is a positive real constant, 1^ considorinc the 

admittance of the network as X approaches zero, it is obvious 

iki. 



that A = 



^1 ^2 ^3 • * 



♦ r»« + r 



Kow consider again the function y-gg in the fors: 

y -SapO M* _ ,1 1 

^22 SrrdtX + ,., d_x* “ ei + 5J- = 

— ^ w"r 8^ A T 



TT 

2 



“s: 

u 



At this point ono reverts to the procedure for tho first 

network, finalOy obtaining? 

_ _ . 1 

^22 * «i *** rriTT n 

S^X •*• + Tp + 1 






* 1 



la 



V 



^m+l " 



to which there correapondn tlio network? 
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OHMS AND FARADS EVCEPT AS NOTED 

FIG m-3 



The value of r's and c^s aro, of course, different fron those 
obtained for the previou* network# Th© present network ha* 
the short-circuit driving-point adnittanoo ^22 short- 

circuit tismafer admittance ~ in which is a 

positive real constant* again is determined by letting A 
approach zero# If Ex is applied, the impedances of the shunt 
capacitance branches are so large compared with tlio series 
resistances that approaches B. Then the short-circuit 
current 



T -f- 

•^SC * sj 



2 iA 



8-^ 



arKi 



^12 * ^ ® ^ approaches 0. 



is therefor© d^ 



The next expansion of y^g follows the pattern of the 

previous one for two cycles and then finishes as in tho first 

case* Continuing in this way, ono finally obtains a network 

(m) 

having the ftinctions y ^2 yi2 * ^ obtained by 

tho same reasoning as used in evaluating Aq and A^# Ihls 



network hafs tbe form: 
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FIG m-4 

How It should bQ recalled that the of 

the desired network Is 



■oZ 



^12 , 



or 








If the ftiSmi ttan.ee levels of the networks found fo'^* 

‘ ^12 * ^IP. * 

etc. 9 are multiplied respectively by the factors a^/A^, 

etc., tiien it is clear that the subsequent parallel connection 
of these networks yields a resultant on© having the desired 
y^g-functlon. However, the y^g-function of this resulting 
network will evidently be the desired y^g aeatlplled by the 
constant. 

C\ IS •+■ • » * + Sffi , 

% K 



To avoid this result on© sihoiild laultlply the adinittance levels 
of tlie networks found for ••• by the factors 

• ©to. respectively# The parallel connection 



of til® rosuXtant componont networlcs fciaen yields a network 
having the short-circuit driving-point adEJittanco 'Szz 
the ahort-clrcuit transfer adaittancy 2h® transfer 

adaittanc© for a one-obn load becomes Vg» idilch is the 
desired function except for a constant multiplier* 

:ct asy be emphasized at this point that the fundamental 
networks are obtained solely frcsn the denominator polynonlai 
of Y^g (A); lionc©, with these networlcs any numerator poXy- 
nosaial can b© synthesized* 

Modified ^nt ^sjla Procedure * 

GullleiBin has suggested a modification of the above 

method, to lielve the number of networks required to realize 

a given transfer admittance function, by realizing two toms 

(S«3 

of the numerator polynomial of Y^g (A) in each network* 

This modified method is developed below* 
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FIGm-5 



Figure III-5 shows the first network developed, by 

tho hEslc method* This network has the short-circuit driving- 

point admittance ygg and tho short-circuit transfer admittance 
(o ) y 

^12 * * unit voltage at Eg is appliedt 



T 



(o) 



21 



~ ^12 



(o) _ 



‘ac 



~ Eg 



* I 



sc 



ISL. 

^H+1 



*Sae elements at tli® short«-clrcjulted end of this network 
my be modified as shown in Fig* I II- 6 below without chan|;ing 
the short-circuit driving point adisalttanco ygg, provided we 
keeps 

t 

~ ^+1 



C +C. = C 
a b M 




Tlie short-circuit transfer admittance, y now? 



^21 



( 0 , 1 ) 



^12 



(0,1) IfiC - Tt „ / „ . 



(o,l) ^ ^ 

^12 “ 3^12 ^+1 



^+1 



(1+T?*^ A) 
5b 



Then 



30 



Now if ^ ~ 7 :;^ 



then y.o^O,l) 



^2_5&_ (r-^ + aiA) 



(ji-KSo +aiX) 
>,10 



< 1*1 






S imil a r ly , 7 3^2 ^ ^ ^ 



(^)(a^:v^ a„A^) 



yn 



^1 



etc< 



As in the basic nethod, it is necossaiy, in order to maintain 
the correct Joo» to accept a constant multiplier in the short- 






circuit transfer adiaittancG, i.e*. 



^12 



where G ~ ^2 • 



• •• Consequently, one multiplies the admittance levels 

/Q-i\ ( 23 ) 

of the raodified networks found for y_^' Tig' * $ ••• etc., 

Gq Gq 

by the factors -yr* etc., respectively, and connects 



If* 

parallel the resultant component networks to realize 



(Sn), 






Actually, it is not necessary to separate both and 
series and shunt branches. The three equations that 
must be satisfied are: 



^a Sp ^+1 



C + C; = G' 
a b m 






1 ^ Ca 



!Iow consider the ratio C_/g^ ., • If select Ce 

Pni+1 ^0 



'm* 



0 



b = 0 . Sa = %,+! > Sb = 0- 



If 



%-fl 



^ (the usual case), select Ca = C-^ = Oj 




Consoquontly, not raox*e than one additional ©Icnent, 
eitlier C or R, is required for any conponent network* 

It may be noted hero tliat for tho general m^pole staa^a 
the saxiiaun number of elements required, Includinr- the terminal 
2 ?eoistance, is5 



n odd ® 22**+ 2m + 2 

*iaix 

of which not nor© than 



+ 5ra -f 4 
2 

2m -M 
2 



are renlatancea 



and not more than 



are capacitancee 



m even + 2m + 3 

Eiax 

of which not more than 



n* -f 4ia + 4 



o 



are I'osistances 



and not more than 

2 



aro capacitancea 



Cm^TER IV 



PRACTICAL DEgiaN 

Since the individual networks are already in the de- 

O 

sirahle fora of unbalanced-ladder structures, all that is 

necessary in the fourth step of the synthesis procedure is 

to insure that all final eleiaont values are physically 

realizable, To retain generality in the choice of cut-off 

frequency and impedance level, the overall spread of element 

values within each novmaXlzod stage must be controlled# 

Specifically, the physical limitation imposed is that in 

a single norsssalized stag© the largest element value laust 

5 

not be Kor'S than approxlmetely 10 times greater than the 
smallest element value* ^is overall spread is a function 
of various arbitrarily selected constants throughout the 
design proceduro# Empirical criteria must therefore be 
developed to serve as guides in the design i>roccdure so that 
the resultant networks can actually b© built* 

The factors affecting the spread of eleiasnt values 
are listed in the order in which they occur during the desl^ 
procedure as follows? 

(1) Tlie initial decision as to the attenuation end 
pass- band-width requirements, which fijces the 
number of poles of the overall transfer ac5mit- 
tance function, 

(2) The selection of the number of stages to be used 
in obtaining 



• » • 



(3) 

(4) 

{ 6 ) 



( Si ) ( ) 

Since Yig(A) == Yng (A) x Y^g (A) x 
^ ^ (Sk) 



12 



(A) ••• Yi 2 “ (a), attention can now 



be confined to 



(S^) 



Tlie selection of the poles of Yig (A)* 

The selection of the poles of the short-circuit 

(S„) 

transfer admittance, (A)* 

( s ) 

The selection of the constant naltipller A 

i\) 

in forming qi (A), which fixes the zeros of 
the short-circuit driving noint admittance, 

(Su) 

yg2 (A). 



Stringent performance specifications require that a 
trigonoKiotrlc polynomial of hi^ degree be used in the approxi- 
mation procedure* Tho degree (n) of this pol^naonlal fixes the 
nunbor (2n) of poles in Y-,g(A) and hence determines the ccas- 
plexity of the resulting filter. For a ninlmua guartintoed 
attenuation of 20 to 30 doclbets, a 6- pole filter will have 
a pass-bond width of 65-60 per cent of the cut-off frequency, 
a 14- pole filter 81 to 76 per cent, md a 38- pole filter 95 
to 94 per cent# 

With n dotoraiiiisd, an Inspection of equations III-3 
and III-4 shows tho analytic form of and indicates 

possible subdivisions into stages, Tho I'osultant spread of 
element values and tho excessive gain required indicate a 
maximum practical limit of seven polos per stage. To reduce 
the number of amplifier sections, it is doslreble to use a 
mininRun number of stages. However, tho use of more than this 



Biinisaam number requires fewer total elements with a smaller 
overall spreads The process of synthesis is also greatly 
siiaplified because less complex networks are i*equirod* 

To obtain a small spread of eleiaont values^ the polos 
of should bo well separated. It is this factor which 

limits the laaximuBs number of poles per stag© to seven. For 
ease of approximation and to increase slightly the pass~band 
width, the poles should b© close to unity* These opposing 
considerations both indicate the use of a lalnlBiun number of 
poles per stage* Consequently, the decisions on the number 
of stages and the number and location of polos in each stage 
aiuat b© made simultaneously, and are compromise selections* 

An empirical procedure only can b© given for locating 
(S ) (S^) 

the poles of y-^o (X)* Experienoo indicates that 

should be slightly leas tli&n ^ ^^1+1 end that should 

be of the order of four times 

The selection ^f is the most iripor>tant factor 

in detemining the spread of element values* Sine© Aa^^ag *•* 

allowable rang© of A Is limited* 

It le always possible within this range, however, to choose 
a value of A such that the elements in each component network 
oscillate about the value of and C^, provJwding a minimum 

/Q \ 

spread* The first selection of should be 

1 

^ = TW^rrTT^) 

'!ha polynoalals ^^(X) and qj,^®vi)(x) ai’C now foioed 
and the fandaxaental networks synthoslzed* If the resultant 



spread of element values is too great, the problem must be 
begun again, relocating the polos of ^ \A) with greater 

separation. If the spread is satisfactory, the admittance 
levels of the fundamental networks aro next corrected to 
synthesize This process increases the spread of 

element valuesj consequently it may be necessary to adjust 
A slightly to reduce the spread or to lov/er the amplifier 
gain required. 



CBkVTER V 



I>ESIGM Ag Cq pTHUCTIOH OP A SIMPLE^ IMI-mSS HC-FILTER 

To serve as an Illustrative osxaaiplc of the entire 
synthesis procedure, the steps in designing and constructing 
a sinpl® RC-f liter are detailed in the following sections* 

The filter was tested to conform closely to the predicted 
frequency characteristics. 

Design . 

It was desired that the filters (1) be as sinple in 
design and construction as possiblel (2) possoss 'Pschel^scheff 
behavior, with at least 23 decibels mlnisaun ^arantoed atten- 
uation in the attenuation-band; and (3) have the naximuia 
pass-band compatible ?«itb the required attenuation and the 
liiai tat ions of practical construction, ‘fhe first specifica- 
tion is met by selecting a six-pole filter. Tscliebyscheff 
behavior with the required attenuation is obtained by the 
given approx3jaation procedure, with € equal to 0.07. 
llie pass-band width is largely fixed by theso previous seloctloiis 
but is slightly decreased from the naxlmiun theoretically possible 
by the necessity of locating ond l/^^. V-1) sufficiently 

far from unity that practical oloiaont values may be obtained. 

The graphical procoduro to obtain the approxiiaating 



function is given as an example in Cimpter II, and yioldss 



y*(to*) 



(o»-38.21H(o~ ■ t-0.1459) 



L 



lo* +0.35)66) (o^ + iy{u*' +2,66) 



from which: 



V It.'i (A*= + 28,21 )(A^ + 5.272 )(X* 0.3791* 

* (A +o.62s)«(x +i)*(x +i.e)>= 



Sopar&ting Into stages: 



Ylg(X) = Yis^^l^X) X Yijj^^^^X) 






(A« -f- 3*272) (A +0*379) 


U® +28, 21) (A +0.379) 


(X +0.625 )(X +1)(X +1.6) 


{a + 0. 625 )(A +1)(A +1 


Tills symmetrical separation of allows the same 


fundamental networks to be used for both stages, 

(St ) 

To synthesise ^ (A), the poles (a^^, (S2, and a^) 


of the short-circuit transfer admittance. 


^12> selected as 


shown in Fig. V-1 




i 


-o<5=-5.0 — *<jj = -».50 — o<=-0.90 






/k W ■ “ki/ 

-1 


-^,= -0. 6Z5 


o 't 



A = T+ j 

FIG 3Z:- 1 

<1(,^) » (X +p;j^)(X +1)(X +^) = X® +3.825 X® +3.225 X +1.000 
Form (ij^(X) = A (X + Cj^) (X + ) (X + Og ) *= A (X^+ 7.40X* + 13.35 X + 6.75) 






As th© first trial 



A 



1 



= 0.129 






resulting networks have a ver^ omll spread of oieraent 
values. However, by accepting a larger spread, the gain 
required is reduced by selecting A ao 0.05. 

‘fhoni 

q^iX) = 0.05 A^ + 0.370 A® +0.8675 A + 0.5375 

=0*^5 A^ + 2eG55 A*^ +2.5575 A +0.6625 

Identifying as q 2 (A)/q 2 ^(A), one obtains by 
Gont3-imed-fractioa expansion the fundamental networlm shown 
in Fig. V-2. 

To obtain the admittance- level mltlplying factors, 
one writesr 



p(A) ~ (A® +3.272) (A + 0.379) == A® + 0.379 A® + 3.272 + 1.240 
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For ITetrrork ”0” 

Gg » 262*6; 



^ 27X*3; 




ga ^ ^ = 262*6 X 0.579 = 99.5 



Sb * S 4 - Sft = 171«8 
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VALUES IN CM MS AND FARADS 



FIG 2-3 



A '■« 



"o 



O r^+rg +rg +r^ 



0.6685 



O -^0 



a = 



= 6,10 



©twork ^^2” 

w 






~ 40.3; C.^ ~ 0 

®e “ ^ 0.379 = 15.3 



Elj = B 4 - 8 a = 38»^ 
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VALUES IN OHMS AND FARADS 

FlGSI-4 



Then 



* 0,2266 





2 ^4 
2 Sa 



5.87 



G « + G a 10.97 

, O s 

GVg = 0.465J G /g * 0.5355 

w S 



The admittance level of network ”0” is now naltiplied bj 
0.465J that of network '”2” tjj 0.5355. The two networks 
connected in parallel and terminated in a one-ohn reeistanc® 
have the ti^nofer admittance (A)/10.97. 

To synthesise ®^(l) the same fundamental networks 

can he used. The admittance- level multiplying factors are 
obtained as before, giving G * 44.0, G =5.87 and G = 49.87. 
The second-stage networks in parallel have the transfer 
admittance Y ^(A)/49,87. 

The gain required for the amplifier is computed ac 



G (Sn ) 

(SJ) 






(Sa) 



41.2 



o 



The completed design, still on a normalized basis. 



is Illustrated in Pig. V-5. 
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It w«s d«cid<»d to test the filter at a cut-off fre- 
quency of 1592 cyclos/soc (« » 10^) and at an iirpedance level 

4 

of 10 olHis, Therefor© all elerionta of the nonaallzed filter 
woro ncdlfiod to meot those requlronents by miltiplylng resls- 

d 8 

tancee by 10^’ and dividing capacitances toy 10 . 

Standard elements were contolned to obtain the calculated 
values within one or two per cent, tho laeosuroments being Bade 
with a General Rsdio Impedance Bridge* 

The two stages were tested separately, using the 
comparison method ij.lustrated in Pig* V-6* 
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Over the entire frequency range, the input voltage, E^, to 
the niorovolter Is held constant* At any frequency for which 
a neasur-Giiaent is desired, the vacuum-tube voltmeter is used 
to read the output voltage, E , of the filter stage* The 
D, P*D*T. switch is then thro\7n to the input side of the filter, 
and attenuation Is introduced in the laicrovolter until its 
output voltage, is reduced The attenuation-meter 

of the microvoltar is graduated to read directly the ratio 

The resultant overall frequency characteristic is 
plotted in Fig. V-7. 

He suits . 

The extent to which the filter neets the original 
specifications may be summarized as follows? 

(1) Simplicity in design and construction Is only par- 
tially attained. lu addition to the amplifier, cathodc-followor 
section, a total of 4 networks, using 34 elements, is . required. 
This complexity of structure la probably the greatest defect 
of the filter, but appears to be Inherent in any RC design. 

The overall spread of element values is controlled so that 
no difficulty is encountered in obtaining any individual 
element. An exam1.natlon of the structure shows tliat the 
critical elements are located at the output and of each stage. 
Tests Indicate that the filter is insensitive to small varia- 
tions even in these critical elements, and that an accuracy of 
i 5 per cent In element values suffices. 



(2) Tho frequency characteristic of the filter exhibits 
Tschebyscheff behavior with a guaranteed Hinimuia nttonuatloa 
of 23 decibels. 

(3 ) A pass-band of 63 per cent of tho cut-off frequency 



is obtained. 
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cii/iPiEn VI 




.DESIGN or OTHER LOW- PASS RC-FILTERS 



sirssMaMf 



lOPolft Filter 

SyEEJietrlcal subdivision of ^12 (A) for the 10- pole 
filter is not possible if the approximating function is 
P^((o*)* Hoirever, the alternate approximating procedure 
described in Chapter II, where one obtains the function 
f *(«"*), can be used here to overcone this difficulty# 

The p*s and a*s are chosen as indicated in Fig# VI-1* 
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FIG VL - 1 



and the constant A is selected as 0#10# The resulting funda- 
mental net wo rlB then obtained are illustrated in Fig# VI-2. 

The tolerance (£ ) is selected as 0.03, and following 
the procedure of Chapter II one obtains 

£^{ 0 ) = (1.11833 - 0.11883 eoQ 20) (1.55125 - 0#55125 cos 20 ) 
and 

“ 0.906 cos 0-0.536 cos 30+0.160 cos 50. 

The latter function approxlrmtes F’(0) x f_(0) as shown in 
Fig# VI-5. 



Than 



^ _ Q.5SfJ0) +f, (0) 

^^(.0) “ 

and 

f^*{0) 2.56 cos^‘0 +0.158873. cos^^^- 5*344 cos^0 - 0.938026 coc*0 + 

+ 3.314 cos 0+1.379165 

Ccoa 0 + 0.641)^(2.56 cos®0- 5.703 ccs 0 +3.33G6)(cos 0+1) 
(cos 0 +0. 641 )® (a^eos^0 +3., cos 0+a^)<co3 0 + 1) 



The quadratic factor Is in the doeii^ed fom, except 

U :=2 

for a constant mltlplier {this constant is (-1) s^^d 

is converted directly to the quadratic fom ’in®({i5®). The 
factor (cob 0+1) corresponds to an infinite w^*-»oot and hence 
reduces the numerator of F*(o>®) to the fourth degree* 



, „ . 5*00 5 (o^ « 4* 571 )-(fc)^ +0.155 +0*0169) , , 

icr) = Xc?n- 0. 5906 TuFT 2*56M u*" + 1 5 +0. lOKw^ + 6.25 5' 



+4.571) (A® +Q.6285 A +0*13 ) 

m M r iri >11 i i.i it irnr i w imhw nw.innm iiwnn. hm u » i mriv ii.i ii« ii<a ■ i iii iiwi. i ii i mr hum i Tiirr r— ^ariwr ■* - 

(X +0.625)U +1.6)(A +1)(A +0.4) (A +2.5) 

+0.62S5A^ +4.7Q1A® +2.873A +0*5942 
(A +0,625) (A +1.6) (A +1) (A + 0,4) (A +2.5) 



The furxiamontal not\vcrks ai-’e then modified to realize 
this transfer function, and the resulting normalized filter 
is shown 5-n i ig* VI-4, It Is necessary to cascade two of those 



filters to obtain the frequency characteristic of Pig* VI-5, 
giving a voltage ratio equal to P' (&)*)• The final ten-pole 
filter lias a guaranteed mlnimura attenuation of 24,4 dh*, a 
pass-band width of 68^ of the cut-off frequency, and requires 
a gain of 955 per stage# 

The relative merits of this alternative procedure 
may now be sumnarizedt 

(1) Greater accut’acy is required in the graphical 
approximation work# 

(2) A completely symmetrical subdivision into stages 
is possible, greatly reducing the computational work necessary 
and giving more flexibility in design# 
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B* The 14" Pole Filter 



It is possihlo to design the 14"pole filter with tv/o 
7-pole stages, usii\g either approxiaation procedure. However, 
to illustrate other iietbods of design, it was decided to use 
four stages. 

The p»s and a»s are chosen as indicated in Fig. VI-6, 
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A- is selected as 1/7 and A as 0,09, The 

resulting fundairiental notv/orks for the 3— pole and 4— nol© stages 
are illustrated in Fig. VI-7. 

The tolerance (e) is selected as 0.05. Then 



f„(0) = X f‘^3,4)(jz() 






(l, 028125-0,028125 cos 20) (l, 1125-0.1125 cos 20) 



[l, 020125-0. 028125 coa 20 j 



Graphically one obtains 

fj^(0) = 0.7033 COS0- 0.294 cos 30+0.1387 cos 50- 0.098 cos 70 

Tills function approximates F»(0) x fj^(p) as shown in- Fig, VI-8. 

Then 

p(f» . 

= (-6,272 008*^0 -0.000366 cos^0 + 13,1952 cos^0 + 0.01531 003^^0 - 

- 9.438 cos^0- 0.19829 cos®0 +2,9648 cos 0 + 

+ 0,68334) 



P(«®) = (O.OSto^^- 5.529420^2 + 77.62240)^^- 303.677760)^ + 

+ 553.59020^ - 49.4169(0^ + 15, 879580^ + 0,95 ) 
(o® +0.4)((o® +0.625)®(to*^ +l)(o)^ +l,6)^(o)^ +2,5) 




a 



,05(o)®- 3.52)(o'2 -10,2)(o® - 1.86)(w“ - 94,9)(o)*^ +0.0593) 

(o)^ - 0,1670)-- +0,0556) 

+0,4)(o)^ +0.625)^(o)® +l)(w® +1.6)®(o)® +2.5) 



2 



St) (Sg) (S3) (S4 

(a) X ^ ^12 ^ ^12 



112(A) = 





-^ 55^9 

(A +\/^>^)(A + v^§78)(^ +/8^)(A +v€/2) 




Y 



(SJ 



12 



(A) 



A'^ +96,7A® +176 



(A +/2/S)(A +/5/8)(A +/875HA +/^) 



‘12 



(Sg) ^^4^ 

(A) = Y^2 



A^ +0^784A‘^ +0«564A +0^0548 
(A + ^€78 ) (A + 1 ) (A + ,/§75 ) 



The fundamental networks are now modified to realize 

these transfer functions, and the resulting normalized filter 

is shown in Flg« VI«9*. The frequency characteristic is 

Illustrated in P"lg. VI-10* The completed 14-pole filter has 

a guaranteed minimum attenuation of 26 db« and a pass-hand 

width of 77 per cent of the cut-off frequency* 

In this example, the poles of i«e,, the p»s, 

were chosen vary close to unity to keep the magnitude of 

fa(0) near unity, because it was felt that this was desirable 

from the graphical approximation standpoint* Consequently 

the normalized networks have a large overall spread of element 

values*. Investigations show that this spread can be reduced 

by at least a factor of ten by sli^tly vaiying the a*s and 

A*s« Moreover, the use of alternate network forms in the 

4-pole stages will further reduce the overall spread* The 

impedance- level of any stage can also be adjusted to provide 

for physical realizability of elements* Subsequently it was 
found that, except for a very slight decrease in the pass-band 



width, there v/as no objection to a wider separation oi the 
p»s, which would more desirable olenont values. Thus 

althoujrh the networks obtained are practicable and 22ay be 
improved, a complete redesign of tiie filter, by selecting 
a wider separation of the P’s, mi^t be desirable. 
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COKCLUSION 



A practical design procedure for linear;, passive 
ROnetworko with prescribed frequency characteristics is 
developed in this paper* The low-pass filters specifically 
presented compare favorably in performance with ROfilters 
based on feedback principles* Their purpose is to replace 
conventional L-C wave filters in low-freqxioncy applicatiorjs 
or in cases where other practical considerations rule out 
the use of inductances* 

The most promising field for future work in connection 
with this procedure appears to lie in improving the solution 
to the approximation problem, A combination of the graphical 
and analytical solutions with an experiraental attack seems 
feasible* An approximate graphical solution may be used with 
the analytical form of the transfer function (Equations III-3, 
II1-4) to obtain the general location of the poles and zeros 
of this functioni the exact locations may then be determined 

4 

by the use of an electrolytic tank as described by Linvill , 

This combination of the graphical and experimental solutions 
would greatly reduce the time and labor required by either 
method alone. Since such a tonic is useful in the solution 
of conjugate potential function problems as v^ell as in network 
analysis and synthesis, the development of a precise, large-scale 
electrolytic tank is recommended as a profitable project. 



APPEI.PIX A 



)< 



Ml Al«'ALy7ICAL SCLUTIGH ^ 



THE APPKOXirATIOli PROBEEH 



In Chsptor II a £^raph.ical nethod was p:r*esented of 
obtaining a rational function of (w*^) to approximate with 
?ccheb5’‘schofr bohavior an ideal tr€t.nsfer function. It 
is possible to obtain ainiiar results by an algebraic solution 
in the (u) domain alone. Basically, this solution consiots 
of writing the analytic fom of (Pig* II-7), and then 

applying sufflclont knov.ai or acsunod va3.uos to solve for all 
unknown constants, Vi’hen F’(o^) is of the third or fifth 
degree, this method requires loss time than the graphical 
solution, and gives exact results* For F*(t)^) of higher 
degree, approximations become necessary, and the procedure 
is still laborious; hence the graphical method is, in general, 
preferable* 

The third-degree approxinetlon function may be written 
ass 



pi(o)2) = 



2t(a= + _l-_)(M« -K)® 

2ii£ 

{o-*+ +l)(u'> +1/?^ 



(A-1) 




•-0J 



K 

FIG A-1 



Applying 



At o® 
this 



= 1, tho value of r'(M®) Is | 
oonditiout + 

p 1 f 1 ) = I - — _ 1, 

^ ' (1+(3|)(2)(1+1/P|) 






•f2£ 

2 



Clearings 




2T? - 



(1 + pf -f-l/pf )(l + 26) 
2i 




(A- 2 



i'actor foi’ the largest positive real root. 

E^mnple 

Select € = 0.06| = 0.707 

« 2K^ - 38. 5K® - 20K + 10 = 0. 

K = 7.48 

ov O.Kw® + 0.1788)(«'^ « 7.48)® 

^ = (o«+0.D)(«-+1.0)(t.= +2l) 

„ , q + 0,425 )U’^ +7.48) 

” (a + 0. 707 ) (l + 1.0} ik + 1.414 ) 



T\vo idoniical stages are necessary" to realise the curve 
of rig. A-1 as the voltage ratio Eg/E^^. 

If tho transfer function F((o®) of Fig. II- 6 is desired, 
it may be obtained fren the 'relation 

F(o®) = F»(w®) -£ (A-3) 

Tho iifth-degreo approxi::iating function inay be written 






ast 



F*(w^)= 



N ( * li)^ {id^ + Eo)” C ) 



(to® +{^? )({0® + i)(to® +l)(to® +p5 )(«^ ■•'■5^ 

wl f53 



(A- 4 ) 




tx) 



Til© three kno’.Yn conditions applied ere: 



F*(0) = N K® C = 1 + 2£ 



F»(l) = 



H (1 - iOMl+D + C ) 



(11 -gp(l+i); 8 )(l + 15^(1 +; 4 ) 

Bn P-2 



1 + 2 £ 



F.(|) = 



H (^“ TC)*" + C ) 



^ +1 h| + P p (|+ i) 



= 1 + 2 £ 



K p| 









oubstituting K®C = (1 +26)/j,j^ clearingJ 






X + B = C 



ij. 



(i -K)' 



— 3 l 



\i£ 

(i-5) 



rE^*( 



*' *• + s? ) ( J- + % (| + 1) (| + .9^ ) (f +-^) 



I KB = C 



■1' 'E ' ^2' 'K 






P-a 



(|-3;)‘ 



- r 



(A-6) 



2 1 

JiTv srbitrary seifectton of the frequeiscy 03' ~ rr is now aas.cle* and eqm- 

KlIxX K 

tioBS A-5 and A-6 are solved aimulteneously for B and C* The eonstant 
K is not required for synthegi*. The value of ft may b© obtained by 

evaluatir4g F*(o> ) at Since the value of F*(o) ) changes slowly 

? 2 
in the vicinity of is satisfactory to eetissate using 

the relation -tail (~* tan”^ ^ )* (A-7) 

®in '2 ciSiT ' ' 



cilxaaple 



Select = 0o271 = h 

max K 



Select «= 5/a) K 2/5 

i+B 7&«5 C 

1 + 3o69 B = 92«6 C 

C -- 0 , 01364 , B « 0.0682 



(A-5) 

(A-6) 



a> 4 = 0.06 

aiji 



£!i^a g.«.i.6m - 

?‘(or ” 0.1860 it 2s 



c ^ v0.075 
K ^ 6.18 



(a-7) 



2v . 6a8(a)^4.3„69)^(-/t 0.0682 a>‘"t O.OI364) 

F* (c.O ) ^ n 



((if t 0.3906) (oi'^ +2.56) (o)'‘ + 1.0) (o'** + 0.I6) (j^*^ +6,25) 







(A) 



fi.38 (A^ +5>69 )(a» -f 0,50 A+O.ll? ) 

(A +0,625)(A +1.6)(a -i-l,0)(A +0.4)(A +2*5) 



If € = 0*075 is unsatisfactory, another value of 
(i)^^ laay ho choson, or tho poles and nt.j ho roselected. 
Thus, selectinjfr = 0*220, = 5/8, (3^ = 2/5, one obtains 

. g. 5*052(o^ - 4*545 +0*1551o?^ +0*0168) 

({j^ +0*3906) (ti3^ +2*56)(t)^ +1*0) (w^ +0*16) +6*25) 



which is practically,’’ identical with the f’auction obtained 
l^raphically, Sq* VI- 3., and ^yives € =0*05* 
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APPENp ff. B 



VARIATION m ELE3@NT VALUES ^ A 
RESULT ^ CERTAIN ARBITRARY COHSTAHTS 



As an illustration of the selection of certain arhi- 
tra.ry conttants (P'a# a*s, and A) in the synthesis procedure 
and their Influence on the element values in resulting netvrorks, 
two cases are demonstrated. 

In Case I (Fig, B-1), tho p’s are chosen near unity 
and the a’s near the p’s* Resulting element values in Network 
as a function of A are then given. For the conditions of 
Ceso I, a small spread of element values is obtained only with 
an extremely critical value of A* 

In Cese II (Fig# B-2), the p’s are more widely separated 
and the a’s moved well to the left of the p’s* The resulting 
element values for Networks ”0" and ”2” as a function of A 
are then given, illustrating that for these conditions a 
small overs-11 spread of element values is obtained over a 
wide range of values of A, For the conditions of Case II, 

the choice of A = j — (IV«i) nlaoes one near the 

Optimum value of A, 

When the P’a and a’o for tho m-polo networks are 
selected as illustrated in Case II, the use of the general 
formula IV-1 results in networks haying approximately the 
minimura spread of element values obtainable under the 

established conditions. 
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